
Posterior representations of hierarchical completely 
random measures in trait allocation models

Background: CRMs

Most BNP priors are constructed using Poisson processes to 
obtain CRMs: these are random measures which couple 
(random) rates with (random) traits:

- Draw rates 𝜃௞ ௞ஹଵ from a Poisson 
process on ℝାwith mean measure ν dθ

- Draw i.i.d. traits 𝜓௞ ௞ஹଵfrom a non-atomic 
base measure 𝑃଴ on the trait space Ω

- Form the completely random measure:

Θ =  Σ௞ୀଵ
ஶ 𝜃௞𝛿టೖ

∼ CRM(𝜈, 𝑃଴)

Hierarchical CRMs

Partially exchangeable setting: 𝐷 populations share 
common traits 𝜓௞ ௞ஹଵbut rates (𝜃ௗ,௞)௞ஹଵ differ across  
populations 𝑑 = 1, … , 𝐷 : 

- text data from different corpora share same topics
- genomic data from different geographical regions share same structural 

variations
- social networks data from different platforms show same social circles

Draw shared base measure: Θ଴ ∼ CRM 𝜈, 𝑃଴

𝜃ௗ,௞|𝜃଴,௞ ∼ ρ(. |𝜃଴,௞, 𝑟ௗ) 𝑑𝜃ௗ,௞

For every population d, draw conditionally i.i.d. rates

… …

𝛩଴~CRM(𝜈, 𝑃଴)

𝛩ଵ|Θ଴ 𝛩஽|Θ଴
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Our contribution:
1. General formalism for hierarchical BNP models with CRM priors
2. Characterization of the number of unique traits in such models
3. Derivation of the posterior distribution of the latent trait frequencies

→ Provide building blocks for efficient inference schemes in hierarchical BNP latent trait models 

Hierarchical trait allocation models

Trait space =

Partition model =

Feature allocation model =

Trait allocation model =

𝑋~𝐿𝑃(ℎ, Θ) = Σ௞ୀଵ
ஶ 𝑥௞𝛿టೖ

, i.e. 𝑥௞|𝜃௞~ℎ(𝜃௞)

Describe any of these allocation models via integer random measure:

one trait per
observation

each observation’s 
trait count ∈ 0,1

each observation’s 
trait count ∈ ℕ

Θଵ:஽|Θ଴ ∼ hCRM 𝜌 ⋅ 𝜃଴,௞, 𝑟ௗ
ௗ,௞

Θ଴ ∼ CRM 𝜈, 𝑃଴

Θଵ:஽|Θ଴ ∼ hCRM 𝜌 ⋅ 𝜃଴,௞, 𝑟ௗ ௗ,௞
𝑋௡,ௗ|Θௗ~ LP(ℎ, Θ) 

Hierarchical trait
allocation model:

Theorem 1 (sketch): For any hierarchical CRM
model, and any hierarchical allocation 𝑿∗, we 
characterize 𝑝(𝑿∗).

 

Theorem 2 (sketch): We obtain the  posterior 
distribution of the hierarchical CRM Θଵ:஽|Θ଴, 𝑿∗,
as well as the distribution of Θ଴|𝑿∗.

  

Theorems 1 and 2 provide basic building blocks for MCMC 
posterior inference schemes in hierarchical BNP trait 
models. As above, 𝑋 is the allocation of data points to 
traits. In single-level models
→ The marginal distribution 𝑝(𝑋) is often useful for 

samplers that integrate out the trait frequencies (cf. the 
Chinese restaurant process) 

→ The conditional distribution 𝑝(𝛩|𝑋) is often useful for 
samplers that instantiate the trait frequencies

Theoretical results

- Many data analysis problems can be phrased as discovering a set of latent traits within a population: 
• topics in text data, ancestral populations in genomic data, interest groups in social network data

- BNP models based on completely random measures [CRMs] provide an extremely flexible modeling framework, 
amenable to efficient inference via exponential family conjugacy 

- Problem: no general formalism for hierarchical BNP models based on CRMs is available

Bayesian nonparametric latent trait models

collection of 
latent traits

Future work will focus on developing efficient algorithms for 
posterior inference in hierarchical trait allocation models


